Over recent years, the problem of multi-substrate microbial-growth modeling has received more and more attention. However, there is no evidence in the literature referring to state observer design that is applied to microbial growth described by cybernetic models. This paper focuses on the design of an asymptotic observer applicable to the estimation of biomass and ethanol in a two-substrate anoxic-fermentation process described by cybernetic modeling. Simulation results for the proposed observer show good performance for continuous, fed-batch and batch regimes.
Introduction
Measuring of process variables is mandatory in order to implement control loops, perform troubleshooting detection and monitor critical tasks. In many cases, this measurement is difficult to perform owing to the unavailability of sensors, time delays, errors in the measurement system, the high cost of devices or the environmental conditions where the measurement is to be performed [5] . For bioreactors, a precise knowledge of the state variables is vital due to the high sensitivity of microorganisms to slight changes in the culture medium.
How to cite: De Villeros, P., Botero, H. & Alvarez, H., State observer design for biomass and ethanol estimation in bioreactors using cybernetic models DYNA 83 (198) pp. 119-127, 2016. Many state variables are difficult to measure (such as biomass), so indirect measurement techniques are needed. One of those techniques is known as state estimation, also known as: state observers, filters, software sensors and more generally, model-based virtual sensors [4] . The purpose is to estimate one or more variables of interest through directly measuring the inputs and outputs of the real system, based on a mathematical model. The extended Kalman Filter [12] , Asymptotic Observers [2, 7, 8] and High Gain Observers [3] , are some of the most commonly used in chemical and biotechnological processes.
State estimators/observers have been applied in both continuous and batch processes. The latter is much more complicated since the absence of inflows and outflows could not excite dynamics that may be decisive for the observer performance. The use of state observers in chemical and biotechnological processes has become a common practice in the last decade because it can be relatively easily implemented and it has an undeniable utility. Examples of successful applications can be found in [4] . However, there is no evidence in the literature referring to state observer design applied to microbial growth described by cybernetic models. These models originated in the 1980s and they have proven to be very accurate in predicting the growth of various microorganisms on two substrates (diauxic growth) and three substrates (triauxic growth) [13] [14] [15] 19] . In addition, cybernetic models exhibit the following great advantages compared to other multi-substrate models:  There is no need for a-priori specification of the order in which the substrates are consumed.  They describe the simultaneous or sequential use of substrates depending on the culture conditions.  They are applicable to both batch and continuous cultures.  The inputs are the values of the parameters obtained from experiments on individual substrates.  They are relatively easy from a mathematical point of view (ordinary differential equations). This paper has three main objectives. One is to address the problem of the inherent discontinuity present in the cybernetic model. The second is to evaluate local observability using a linear approximation. The last is to design an observer, applicable to biomass and ethanol estimation in a two-substrate anoxic-fermentation process described by cybernetic models. Continuous, fed-batch, and batch regimes will be considered.
The paper is organized as follows: in Section 2, cybernetic modeling for microbial growth is described. Section 3 deals with the nonlinear observability of the cybernetic model and presents a methodology to estimate biomass and ethanol via an asymptotic observer. In Section 4, simulations are performed in order to test the behavior of the proposed observer. Finally, in Section 5 conclusions are presented as well as some final remark.
Cybernetic modeling of anoxic
The assumption that the internal mechanics of microorganisms is determined by a single nutrient is valid for very specific cases in which the culture medium is prepared in a laboratory (i.e. defined culture medium). Such a class of culture is undertaken with the purpose of decreasing the degree of uncertainty in the experiment and ensuring growth and / or production of specific metabolites. This nutritional restriction contrasts with natural ecosystems, in which there is a huge range of potential substrates that are available to suit a particular physiological requirement [9, 10] . In this case, simplification suggested by one limiting substrate is inadequate and it becomes necessary to take another approach. The first scientist who explored the problem was Jacques Monod [18] . During an experiment with Bacillus subtilis, he observed two clearly distinguishable growth phases in a batch culture with a mixture of two sugars. This phenomenon was called diauxic growth and led to the systematic study of multi-substrate growth. Fig. 1 shows the behavior of a certain microorganism in a two-substrate culture. In (a), a second exponential phase is not observed, indicating that the microorganism has a similar affinity for both substrates and consumes them simultaneously. In (b), a second exponential phase can be observed, which shows the sequential use of substrates, and it has an intermediate phase in which the microorganism changes its enzymatic machinery to degrade the second substrate. The order in which the substrates are consumed depends on the affinity substrate-microorganism. In other words, the first substrate to be degraded will be the one that provides the highest growth rate [15] .
As can be seen, microbial growth on multiple substrates exhibits different behaviors from sequential to simultaneous use of all substrates, giving rise to multi-exponential growth phases. This indicates that cells have a high capacity to regulate their metabolism and optimize the consumption of substrates. Kompala et al. [15] addressed this regulatory behavior by introducing two variables: one considers the induction or repression of a key enzyme involved in the degradation of a specific substrate, while the other considers the activation or inhibition of preexisting enzymes. These two variables are described by the following expressions:
When variable ui is close to zero, the i-th enzyme is repressed, thus its corresponding substrate is not degraded, whereas if its value is close to one, the i-th enzyme is induced. This leads to the consumption of the associated substrate.
Variable ν i incorporates the regulatory actions of inhibition and activation of enzymes that are already present in the cell. If ν i is close to zero, then the degradation reaction of the specific substrate does not take place, even if the said substrate and the corresponding enzyme are present. If its value is close to one, the reaction is activated with the subsequent catabolism of the substrate. Note the discontinuity in the definition of this variable due to the presence of a max function. This issue will be considered in Section 3.1.
 i is the specific growth rate in the i-th substrate that is obtained from a modified version of the well-known Monod equation:
 max,i is the maximum growth rate for substrate i; S i is the concentration of substrate i; K i is the affinity constant; E R,i is the relative level of enzyme for the i-th substrate and can be calculated from the following relations:
where i and  i represent synthesis and degradation constants, respectively. The state variable e i is the actual enzyme concentration in grams per gram of biomass, while e max,i is the maximum concentration of enzyme for the i-th substrate.
Based on typical dynamic balances, without considering cellular death and introducing the previous expressions, a set of six ODEs can be derived as a process model [11, 20] :
X, S, P and C represent the concentration of biomass, substrate, product (ethanol) and dissolved CO 2 in time t, respectively, while V stands for volume. Eq. (5) illustrates the dynamics of the i-th enzyme, limiting the rate of consumption of the corresponding substrate. The first term on the right corresponds to enzyme synthesis. The following term represents the degradation of the enzyme. The third term represents the dilution of the enzyme concentration due to cell growth and, finally, the term * is included to ensure a low level of enzyme even in the absence of substrate. Parameters ∅ and are stoichiometric coefficients for ethanol and CO 2 production, respectively.
/ , is the biomass yield for substrate i. kla c is the mass transfer coefficient and C* is the saturation concentration, both for CO 2 . F represents the volumetric flow.
Jones and Kompała [13] introduced an additional dynamic of intracellular storage of carbohydrates in their aerobic model. However, for the present work it is not considered since in anoxic cultures the storage rate is significantly low compared to the growth rate. The model uses pressure, temperature and pH as controlled variables. Table 1 shows the complete parameters for the model represented by eq. (4)- (9) and applied to the growth of Saccharomyces cerevisiae on a mixture of glucose (substrate 1) and galactose (substrate 2). Continuous, fed-batch and batch regimes are considered individually.
Within the development of their mathematical model, Kompała et al. presented four basic principles to be followed by any model that addresses the multisubstrate growth [15] :  Given multiple substrates, on which growth rates are distinctly different, the microbes prefer to grow on the fastest substrate when the growth curve showing multiauxial behavior.  More generally, the growth behavior ranges from simultaneous utilization of multiple substrates (which occurs when growth rates are very nearly the same) to sequential utilization with intermediate lag periods.  The growth rate on a mixture of substrates is never greater than the maximum of the growth rates on individual substrates.  While growing on a slower substrate, if a faster substrate is added, the microbes inhibit the activity of the already available enzymes for the slower substrates.
Observer design
Having defined the cybernetic model for an anoxic microbial culture, the next step is to review the concepts of nonlinear observability and state observers. These two concepts are needed to establish a consistent methodology that relates cybernetic modeling and observer designing.
Section three begins with a mathematical approach to the discontinuity of the cybernetic variable ν i , in order to have a continuous system in which observability can be analyzed.
Max function approximation
This section deals with the discontinuity of the max function found in eq. (1) in order to analyze the nonlinear observability of the cybernetic system. For observability [6, 14, 16] analysis and the designing of Jacobian-based observers, the system has to be differentiable. As shown in the cybernetic model presented in Section 2, variable ν i contains a discontinuous max function that needs to be converted into a continuously differentiable one, without substantially modifying the intrinsic dynamics of the process. The mathematical characteristics of the max function show that it can be considered as a vector norm. This issue suggests that it can be substituted with another vector norm. For instance, p-norm (which is continuous) would be a good candidate:
Applying this approximation, variable ν i takes the following form:
To verify this approximation, ν 1 and ν 2 were simulated for several values of p based on the parameters previously given in Table 1 . The results are shown in Figs. 2, 3:
As can be seen that when p is increased the values of ν i converge to those established by the original cybernetic model, whereby the proposed approach is valid for the case being studied. Therefore, in this work, a value of p = 50 was taken for the simulations.
Nonlinear observability analysis
Observability is an important property to take into account when designing an observer. This property allows it to be discovered if there are sufficient information channels between the outputs and the states.
A dynamic system can be expressed in the form: 
where x(t) ∈ R n denotes the state variables, u(t) ∈ R m denotes control inputs, and y(t) ∈ R p denotes the measured outputs.
In very general terms, a nonlinear system is locally observable if the initial states x 0 and x' 0 are distinguishable for every input u(t) at t ≥ 0:
This criterion can be verified with three different perspectives or conditions: a geometric condition, an algebraic condition, and a linear approximation condition [1] . The first two conditions are not suitable for large systems due to, firstly, the enormous computer-time required to obtain Lie derivatives and secondly, due to the degree of variable crosslinking. So, this work will be based on the linear approximation condition.
Consider the following linearized system based on the system in eq. (12) . It is evaluated in the stationary state x ss and u ss : 
From eq. (14), it is possible to generate an observability matrix  of the form:
Once  is calculated, the system is considered observable if  is full rank [2] , i.e., matrix has the same rank of the process (which is seven for the model presented in section 2). For small systems (two or three state variables), matrix  rank analysis can be undertaken by visual inspection, but for the cybernetic model it is not possible due to the extension of the Jacobian. Therefore, we propose rank evaluation over time, by calculating the rank of matrix in each simulation-time step as an attempt to find out the local observability. It is assumed that in each simulation-time an operational equilibrium state is achieved. This approach is a necessary but not a sufficient condition for observability, and it just provides a means of identifying processes that are normally not observable.
As mentioned in Section 1, some variables in bioreactors are very difficult to measure online. These variables include biomass and sugars (substrates). Common biomass measurement techniques are dry/wet weight measurement, optical density via spectrophotometry and direct cell counting; sugar analysis usually also involves spectrophotometric methods. All of those methods are time consuming and are carried out offline. Conversely, dissolved CO 2 concentration is easily measured online through submerged sensors found in bioreactors that are standard equipment. For this reason, in this work, the dissolved CO 2 is taken as measured, without considering other aqueous species that may occur in equilibrium (H 2 CO 3 , HCO 3 -).
Figs. [4] [5] [6] show that the cybernetic system is not locally observable when CO 2 is used as the measured variable. This is because the observability matrix is not full rank at any point or at any regime. The preliminary conclusion is that the CO 2 , despite being an easy-to-measure variable, does not offer enough conditions for local observability of the full cybernetic system. However, in this work, some additional considerations will permit the use of CO 2 measurement for observer design.
Asymptotic observer
The conclusion derived from the analysis in Section 3.2 leads us to think that the best option is to employ an observer that does not require the kinetics of the process so that CO 2 measure can be used directly. The observer that fulfills this condition is the asymptotic observer (AO) [2, 7] .
The dynamics of biotechnological processes can be represented by the following general nonlinear state space model, written in matrix form: 
Now, consider vector Z as a linear state transformation:
where is the unique solution of the matrix equation:
So, the state space model is equivalent to:
, .
Vector Z can be rewritten as a linear combination of the form: (21) with appropriate dimension for matrices and . If has a left inverse, the following asymptotic observer can be derived from eq. (20):
. (22) where is a left inverse of . and denote online estimates of and , respectively.
Asymptotic observer design for biomass and ethanol estimation
In order to design an AO, the system must be expressed in the form of state-space representation, based on eq. 
. *
As can be seen in eq. (23)-(25) and in the cybernetic model described in eq. (4)-(9), the dynamics of state variables X, P and C are similar, specifically in the term ∑ ν . This leads to the proposal for a reduced system of the form:
However, asymptotic observers present a restriction referring to the dimension of the coefficient matrix K. As there is just one measured variable (CO 2 ), the dimension of K r must be one [7] . In order to overcome this issue, the dimension of K r is reduced to one using the following coefficient averaging:
The advantage of this averaging is that it is calculated only using the yield coefficients ( / ) and the stoichiometric production coefficients for CO 2 (
) and Ethanol (∅ ∅ ). Finally, the equations that govern the behavior of the asymptotic observer take the following form:
Therefore, it is possible to estimate X and P without considering the kinetics of the process and using dissolved CO 2 concentration as the only measured variable.
Simulation results and analysis
The estimation of Biomass and Ethanol via an asymptotic observer was performed in a continuous regime (F in = F = 1.1 l/h), a fedbatch regime (F in = 1.1 l/h, F = 0) and a batch regime (F in = F = 0) until cryptic growth was achieved (16 hours, 10 hours and 6 hours, respectively). White noise was added to the CO 2 measurement signal, with a power of 2.0E-4 and a sample time of 0.01 h. Fig. 7 illustrates the evolution of the signal with and without noise, for the continuous case:
Figs. 8-10 show the performance of the proposed observer for biomass estimation. In all simulations, the initial condition of the observer was 10% above the real initial condition of the process. F in and F in continuous and fedbatch regimes had the same fixed value of 1.1 liters per hour. This value was chosen to be as large as the parameters of the culture permitted (Table 1) whilst avoiding cell wash out. The initial volume of the culture was 6.0 l.
As shown in Figs. 8-10 , the asymptotic observer closely follows the actual trajectory of the biomass, but it should be noted that the speed of convergence is given by the value of the dilution rate D. For this reason, in the batch regime (Fig.10) , in which the dilution rate is zero, the observer presents a steady-state error and does not converge to the actual value of the biomass while in continuous and fedbatch regimes (Figs. 8 -9 ). The observer converges approximately four hours after initiating the process. Taking this into account, the initial state of the observer in a batch regime should be identical to the initial state of the process. Even though the AO is not a filter, it can be seen that the noisy signal was smoothed and the noise did not induce appreciable peaks in the estimation.
For ethanol estimation, the performance is similar to that shown by the estimated biomass in all regimes, as can be seen in Figs. 11 -13: 
Conclusions
This work approached the discontinuity of the max function on the cybernetic variable ν i by using a substitution based on p-norm. This approximation did not appreciably affect the dynamics of the original process and allowed the jacobian of the system and the rank of the observability matrix of the linearized system to be calculated. Derived from observability analysis, it has been shown that dissolved CO 2 concentration is not a suitable variable for estimating all states of cybernetic system. However, it can be used to estimate biomass and product through a reduced-order asymptotic observer. In terms of the design of this observer, a mathematical approach was proposed to reduce the rank of the coefficient matrix Kr to one.
The designed observer estimated biomass and ethanol satisfactorily, but in batch regime (where the dilution rate is zero) it had to be initiated close to the initial condition of the original system in order to prevent steady-state deviations due to initial estimation error.
It is possible to improve the convergence of the asymptotic observer to the real value of biomass by increasing the dilution rate. The limit is given by the maximum dilution rate before culture washout is reached.
In the design of asymptotic observers, it is essential to have adjusted values of parameters and yield stoichiometric coefficients since the dynamics of these type of observers is totally dependent on them. This is due to the absence of feedback terms or kinetics. 
